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The concept of critical points in nuclear phase transitional regions
is discussed from the standpoints of Q-invariants and wave function
entropy. It is shown that these critical points very closely coincide
with the turning points of the entropy and Q-invariants, establish-
ing the singular character of these points in nuclear phase transi-
tion regions. Such critical points provide two well defined nuclear
structure paradigms – for the vibrator $ rotor and vibrator$ γ-
soft rotor critical points – in addition to the three traditional ones
representing the termini of these transition regions.
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Nuclear structural evolution in transitional regions is often thought of as a
continuous variation of properties, as a function of nucleon number, from one
idealized limit (e.g., vibrator, rotor) to another. The rapidity of structural
change may vary across a transitional sequence of nuclei, and dierent mass
regions exhibit dierent rates of change but, until now, no individual point
along these evolutionary trajectories could be singled out with special obser-
vational properties.
In the last years, however, the concept of critical points in shape/phase tran-
sition regions has been much discussed [1-5]. While the concept itself is well
known in nuclei (in the context of the coherent state formalism[6,7] of the IBA
model [8]), it is only very recently that analytic descriptions of critical point
nuclei have been given [9,10]. This is a signicant point since, historically, such
nuclei have been the most dicult to treat: they exhibit competing degrees of
freedom, and one has had to resort to numerical calculations.
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Two critical point symmetries, called E(5), for a vibrator to axially asymmetric
(γ-soft) rotor, and X(5), for a vibrator to symmetric rotor, have been proposed
[9,10]; and empirical manifestations of each have been identied [11,12]. An
important aspect of this is that, for the rst time, one is able to associate
special observational characteristics to a specic point along a trajectory from
one structural limit to another.
It is the purpose of this Letter to show, from several complementary theoret-
ical approaches, that there is independent evidence for the singular character
of these critical points, and independent ways of identifying them in collective
model calculations. To do so we bring together three major themes: the al-
ready mentioned study of phase transitional regions and critical point nuclei,
the behavior of quadrupole shape (Q)-invariants, and the study of chaos and
entropy in nuclear systems.
Recently, the concept of Q-invariants [13,14] has been re-investigated in the
framework of the IBA model and the Q-phonon approach [15,16] and the
behavior of these moments across the gamut of nuclear collective structures
has been elucidated [17-19]. These invariants represent quadratic and higher
order moments of the quadrupole operator. The invariants are denoted qn and
Kn  qn=qn=22 , and are dened by expressions of the generic type
qn < ΨojQ1 Q2   QnjΨo > (1)
where Ψo is the ground state wave function, and where intermediate angular
momentum couplings in the operator are omitted for simplicity.
For the IBA [8], these invariants have been evaluated over the entire symmetry
triangle of Fig. 1, which also shows schematically the location of the (non-IBA)
critical points E(5) and X(5). The lower part of Fig. 1 shows how q2 behaves.
We note that the invariants q2, K4, and γ  K6 −K23 represent, respectively,
the quadrupole deformation, the softness of the nuclear shape in , and in γ.
Figure 1 shows the sharp changes in these quantities along the rst order [6,7]
U(5)$SU(3) transition region, the signicant but slower changes along the
second order U(5)$O(6) transition region, and the gradual changes along a
path from O(6)$SU(3) between which, although structure evolves, there is
no phase transition [6,7]. In this Letter we show that, in the rst two regions,
the critical points occur at the turning points (points of steepest descent or
ascent) of these Q-invariants { that is, at the extrema of their rst derivatives
and the zeros of their second derivatives. The same behavior will also be shown
to hold for some more easily accessible observables.
Another theme in nuclear structure recently has been the study of order and
chaos for dierent structures. It was shown in ref. [20] that nuclear systems
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display ordered spectra at and near the three symmetry limits of the IBA,
but that there is a rapid onset of chaotic behavior away from these bench-
mark regions. (See Fig. 1 of ref. [20] but note that the symmetry triangle is
dierently dened therein.) Recently, Cejnar and Jolie [21,22] have developed
the concept of wave function entropy as an alternate (and physically intuitive)
way of studying the relative complexity of nuclear wave functions. Basically,
the entropy of a state is a measure of its spreading within a given basis. Note
that this is not the same as the chaoticity (which is basis invariant) since a
wave function may have high entropy in one basis [e.g., U(5)] and low entropy
in another [e.g., SU(3)]. It is the second purpose of this Letter to show that
the ground state wave function entropy also has a turning point at the E(5)
and X(5) critical points.
To continue, we map the behavior of the Q-invariants along the legs of the
symmetry triangle of Fig. 1. To span these transition regions, it is convenient
to use the IBA Hamiltonian in the following form
H = a[(1− )nd − 
4N
Q Q] (2)
where Q = syd˜ + dys + [dyd˜](2) and  can vary from 0 to −p7=2 = −1:32.
In terms of the more commonly encountered (equivalent) ECQF refs. [23,24]












The scaling factor a= 
1− .
For  = 0 one obtains a U(5) structure (for any ), and  = 1;  = −p7=2
gives SU(3). Thus, a U(5)$SU(3) transition region is dened by  = −p7=2
and  varying from 0 to 1, while a U(5)$O(6) region has  = 0 and  varying
from 0 to 1. The use of the IBA allows the explicit inclusion of eects due
to a nite number of nucleons, which is not possible in the analytic solutions
presented in [9,10].
One can use the coherent state formalism [6,7] of the IBA model to dene the
critical points. In this approach, the potential energy surface is given by


















At the critical points, c, on the paths from U(5) to SU(3), or from U(5)









on both transition paths for ( =
p
7=2) and ( = 0), respectively.
For the U(5)$O(6) phase transition, where the deformed minimum converges





N − 1 ; (6)
which gives c = 0:5 in the large N limit (N!1).
In the U(5)$SU(3) phase transition, the minimum at =0 vanishes while
the deformed minimum becomes complex below the critical point since two
minima coexist in a small parameter range. In this case condition (5) gives
c = 16N=(32N − 25) which goes to c=0.5 as N! 1. We note that the
specic form of H given in eq. 2 has the convenient feature that c 0.5 for
both transition regions. Finally, an O(6)$SU(3) region has constant  = 1
and  varying from 0 to −p7=2. Within this range of  values, it exhibits no
phase transitional behavior or singular points.
We rst study the U(5)$SU(3) transition and obtain the results shown for
N=10 in the top row of Fig. 2 for q2; K4 and γ. Each of these exhibits a rapidly
changing behavior which has a turning point near  = 0:5. To investigate this
in more detail, the second row of Fig.2 shows the rst derivatives with respect
to  . Again there is a striking consistency of behavior: the rst derivative has
an extremum at essentially the same point for each invariant.
Specically, the turning points (the zeros of the second derivatives) are: t =
0:54 for q2; t = 0:53 for K4; and t = 0:52 for γ . In the coherent state
formalism, for N=10, one obtains c = 0:54 for the U(5)$SU(3) case. This
is very close to the turning points in q2; K4 and γ : that is t  c. This
correspondence between the turning points and the critical points is the main
result of this work. The small dierences probably represent a nite boson
number eect. We will return to this point below.
This identication of a special point along the structural evolution from vi-
brator to rotor is apparent even in the simplest observables as well. In Fig. 3
we show the behavior of the structural observables R4=2  E(4+1 )=E(2+1 ) and
B(E2 : 2+1 ! 0+1 ) for the U(5)$SU(3) transition, again for N=10. Clearly,
as seen in the rst derivative plots in the second row, both quantities exhibit
their steepest rates of change near the critical points. Here, the rst derivative
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has an extremum at t = 0:54 for both R4=2 and the B(E2) value. In this lat-
ter case, this result is not surprising since this B(E2) value and q2 are directly
related.
Returning to the Q-invariants, similar results apply in the U(5)!O(6) region.
Fig. 4 (left panels) shows this for q2 and K4. In this case the turning points
(determined from the rates of change in Fig. 4), are: t = 0:60 for q2 and t =
0:56 for K4. From eq. 4, the coherent state formalism gives c = 0:56 for N=10.
Again the t and c values obtained from the behavior of the Q-invariants and
from the coherent state formalism are quite close. Lastly, we note that the
rate of change of q2 and K4 in the U(5)$O(6) case is much less than in the
rst order U(5)!SU(3) transition region. For example (dq2=d)max  800 for
U(5)$SU(3) while it is only 200 for U(5)$O(6). Also, the widths of the rst
derivative curves are much wider (corresponding to a more gradual structural
evolution) in the U(5)$O(6) case.
Finally, in regard to Q-invariants, we look at the O(6)$SU(3) transitional
region. The right panels of Fig. 4 show the behavior of q2 and its derivative.
Note that the shape is qualitatively dierent than in the other transition
regions, showing a gradually asymptotic curve and a rst derivative (against
, the appropriate variable for this region) which is monotonic. No critical
point is denable in this region of  values.
We now turn to a similar analysis of the wave function entropy. We dene [21]
this quantity, called W BΨ , for a state Ψ, that can be written in the basis B as
Ψ =
∑n




jaiB j2lnjaBiB j2 (7)
where n is the number of basis vectors. If Ψ coincides with a basis vector, then
W BΨ = 0. If Ψ is uniformly spread out over the basis B, then W BΨ = 1.
A physically intuitive expression of the entropy is the quantity [22]
nBeffΨ  exp W BΨ (8)
which expresses a kind of "eective number" of wave function components.




To properly normalize the entropies we dene the entropy ratio
rB  exp W
B
Ψ − 1
exp < WGOE > −1 (9)
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relative to that for the Grand Orthogonal Ensemble [22]. The ratio rBΨ varies
from 0 for a pure (localized in the basis B) state to 1 for a highly mixed
state (see ref. [22] for a more detailed discussion of this normalization).
We show the results in Fig. 5 for rB
0+1
and its derivative as a function of the
order parameter  (or ) for the U(5)$SU(3), U(5)$O(6), and O(6)$SU(3)
transition regions (all for N=10). We see behavior very similar to that of
the Q-invariants. The entropy ratio for the ground state undergoes a very
rapid change near c. For the U(5)$SU(3) and U(5)$O(6) phase transitions,
it is easy to read the turning points, t, values from the derivative plots,
obtaining t = 0:52 and t = 0:59 [in a U(5) basis], respectively, compared to
values of c = 0:54 and c = 0:56 from the coherent state formalism. For the
O(6)$SU(3) case, the behavior is qualitatively dierent reflecting the lack
of a phase transition within this leg. We also note that the steepness of the
entropy functions against  increases with boson number N, as pointed out in
ref. [25].
To conclude, from the behavior of several rather dierent quantities, the Q-
invariants, the simple observables R4=2 and B(E2 : 2
+
1 ! 0+1 ), and the wave
function entropy, we have shown that critical points of the phase transitional
regions U(5)$SU(3) and U(5)$O(6), described by X(5) and E(5), respec-
tively, are indeed singular points along these evolutionary trajectories. In con-
trast, for the O(6)$SU(3) transitional region, which does not display phase
transitional character, no single point stands out.
Thus, the symmetries proposed in refs. [9,10] provide two additional structural
paradigms in addition to the three (vibrator, rotor and γ-soft nuclei { or U(5),
SU(3), and O(6) in the language of the IBA model) that have been available
over the last half century.
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Fig. 1. Symmetry triangle of the IBA model, including also the location of the new
critical points, denoted by E(5) and X(5). The lower portion shows the dependence



































Fig. 2. Behavior of q2, K4 and γ , and their first derivatives with respect to , for
































Fig. 3. Similar to Fig. 2 for the observables R4=2 and B(E2 : 2
+






































Fig. 4. Similar to Fig. 2, for q2 and K4, for the U(5)$O(6) transition region (left
panels), and for q2 in the O(6)$SU(3) (note here with respect to ) transition
region (right).
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Fig. 5. The entropy ratio (for N=10) for the 0+1 state (top row) in the three transition
regions, plotted against  or  as appropriate, and given, for each region, in two
bases as indicated [e.g., U(5) and SU(3) for the U(5)$SU(3) transition]. The lower
panels give the derivative of the entropy ratio against  or  in the appropriate
bases.
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